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Below all algebraic varieties are taken over an algebraically closed field k of characteristic 
zero. 



1. BIRATIONALLY NONEQUIVALENT LINEAR ACTIONS 

Let G be a reductive algebraic group. In 1992 P. Katsylo published the following 



< 

-n, 

Conjecture 1.1. ([Ka]) Let V and W be finite dimensional algebraic G -modules with 
trivial stabilizers of points in general position. Then the following properties are equivalent: 

(i) dimV = dimVF; 

(ii) there exists a G-equivariant birational map V —■* W . 
> \ 

In [Ka] Conjecture 1.1 was proved for G = SL2, PSL2, and the symmetric groups S n , 
n ^ 4. However E. Tevelev observed (unpublished) that Conjecture 1.1 fails for one- 
■ dimensional spaces and G = Z/n, n / 2,3,4,6; the same observation was independently 

made in [RY]. In 2000 new counterexamples to Conjecture 1.1 have been found in [RY], 
where a birational classification of finite dimensional G-modules for diagonalizable G has 
been obtained. Being sceptical about Conjecture 1.1, in 1993 I suggested to consider 
^ ! W = V*, the dual module of V: 

<3 

Problem 1.1. Are there a connected semisimple group G and a finite dimensional algebraic 
G-module V with trivial stabilizers of points in general position such that V and V* are 
not birationally G -isomorphic? 

V< . 

This problem was communicated to some people, see, e.g., [RV]. So far it is still open. 
It is well known that, if G is connected, then V* is V "twisted" by an automorphism 
of G. This naturally leads to the following generalization. Let H be an algebraic group 
acting on an algebraic variety X, 

H x X — > X, (h, x) 1— > h ■ x. 

Let a: H — > H, h 1— > a h, be an automorphism of H. Consider the following new action of 
H on X: 

ffxl^l, (h,x) ^ a h-x. 

Then the new .ff -variety appearing in this way is denoted by a X and called X "twisted" 
by a. Problem 1.1 can be now generalized as follows: 
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Problem 1.2. Are there a connected semisimple group G, a finite dimensional algebraic 
G-module V with trivial stabilizers of points in general position, and an automorphism a 
of G such that V and a V are not birationally G '-isomorphic? 

Note that if in Problem 1.2 one replaces V by a G- variety X, then the answer is positive 
(see [RV] where this is proved for G = PGL n ). 

It is clear that one should consider only outer automorphisms a in Problem 1.2. Also, 
it is easily seen that if H is special in the sense of J. -P. Serre, [S], then X and a X are 
always birationally G-isomorphic, cf. [RV]. In particular, answering Problems 1.1 and 1.2 
for simple G, one should consider only 

SL n //Xd where d ^ 1, and the groups of types D; (I is odd in Problem 1.1), Eq. 

In particular, we have the following special 

Problem 1.3. Let G = SLd/Hd- Let V be the d-th symmetric power of k d endowed with 
the natural action of G. Let a be the automorphism of G induced by the automorphism 
g i ^ (5 ,T ) _1 of SLrf. Are V and a V birationally G '-isomorphic? 

Note that for d > 3 in Problem 1.3, stabilizers of points in general position in V are 
trivial, [P]. 

2. Cayley degrees of simple algebraic groups 

Let G be a connected reductive algebraic group and let Lie G be its Lie algebra. Consider 
the action of G on Lie G via the adjoint representation and on G by conjugation. 

Definition 2.1. ([LPRi]) G is called Cayley group if G and LieG are birationally G- 
isomorphic. 

All simple Cayley groups have been classified in [LPRi, Theorem 1.31]: they are precisely 
the groups from the list 

SL„,n^3; SO n ,n^2,4; Sp 2 „; PGL n . 

For every G, by [LPRi, Prop. 10.5] there always exists a dominant G-equivariant rational 
map G — ■* LieG. So the following number is well defined: 

Definition 2.2. ([LPRi]) The Cayley degree Cay(G) of G is the minimum of degrees of 
dominant rational G-equivariant maps G — ■* LieG. 

So G is Cayley if and only if Cay(G) = 1. In general, Cay(G) "measures" how far G is 
from being Cayley. 

Problem 2.1. ([LPRi]) Find the Cayley degrees of connected simple algebraic groups. 

In [LPRi], [LPR 2 ]) it is proved that 

Cay(SL n ) ^ n - 2, for n ^ 3; Cay(SL n //i (i ) < n/d; 

(2 for n ^ 6, 
1 1 for n < 5; 

Cay(G 2 ) = 2; Cay(G 2 x G 2 m ) = 1. 

In particular, this implies that Cay(SL4) = 2 and 2 ^ Cay(SLs) ^ 3. 

Problem 2.2. Find Cay (SL 5 ). 
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At the moment no examples of groups whose Cayley degree is bigger than 2 are known. 
Problem 2.3. Is there G such that Cay(G) > 2? Is there a simple such G? 
More generally, 

Problem 2.4. Given ad EN, is there G such that Cay(G) > d? Is there a simple such G? 

3. Singularities of two-dimensional quotients 

Using a result of [KR], it was recently proved in [G2] that if a complex reductive algebraic 
group G acts algebraically on C n and the categorical quotient C n //G is two-dimensional, 
then C n //G is isomorphic to C 2 /T, where T is a finite group acting algebraically on C 2 . 
This theorem can be considered as a generalization of C. T. C. Wall's conjecture for the 
linear action of G on C n proved in [Gi]. 

This result, discussed in Koras' talk at this Workshop, prompted the following question. 

Problem 3.1. (M. Miyanishi) What are the groups T occuring in the above situation? 

I conjecture that the following holds. 

Conjecture 3.1. If G is connected, then T is cyclic. 

Note that it was conjectured in [Pi] and proved in [Ke] that if in the above situation the 
group G is connected semisimple and the action of G on C n is linear, then T is trivial. 
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